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Abstract
Conventional ultrasonic NDE technique is effective and easy to use, often making it the
preferred choice among the many NDE techniques available presently. However, it is very
time-consuming as only a single point on the surface can be inspected at one time. This
drawback can be overcome by the use of guided waves as they can travel long distances
in the plane of the member, saving a generous amount of time. Unfortunately, they are
dispersive and multi-modal, implying the necessity of tuning for interpreting the signals
received. A novel method has been developed to generate and manipulate multi-mode
guided waves. This technique utilizes a linear phased array whose elements are activated
according to a prescribed time delay profile obtained from the dispersion curves. It is shown
that a desired guided wave mode can be tuned by synthetically constructing a virtual wave
from individually acquired waveform data. This tuning method, however, is limited to
narrowband signals - a clear disadvantage as broadband signals can process a wide range
of frequency without sweeping the frequency. On the other hand, broadband signals do
exacerbate the complexity of intepreting the signals received; thus, it is the main purpose
of this work is to extend SPT technique to tuning of laser-generated Lamb waves and to
find the optimum tuning parameters.
Keywords
Lamb Waves, SPT, Laser, and NDE
Thesis Supervisor: Shi-Chang Wooh
Title: Associate Professor of Civil and Environmental Engineering
Acknowledgments
Allow me to express my sincere gratitude to the people who made this thesis possible. Def-
initely, I owe much to my research supervisor Prof. Shi-Chang Wooh for his enthusiasm,
energy, and passion in his work, which has inspired me greatly. NDE is a totally new field
for me; however, it has been a great learning experience and I thank him for sharing with
me his knowledge on NDE, composites, as well as stories of his life. You have been a great
inspiration, Sir!
My family probably makes the greatest sacrifice of all each time I want to pursue some-
thing. My thirst for knowledge has burdened them financially and I would like to sincerely
thank them for their provision for my educational needs. I am also indebted to Prof. Oral
Buyukozturk for giving me an opportunity to be his teaching assistant where I was able
to cross paths with many students of the highest calibre from all over the world. Other
than alleviating my financial burden, he has given me experiences that has developed my
self-confidence, my interpersonal skills, and ultimately, my patience.
As always, I owe a great debt to Ji-Yong Wang for his extensive help with the instru-
ments in the lab and his patience in answering all my "dumb" questions. I hope that there
will be a day where I can repay his kindness to me. I would also like to thank Dr. Guillermo
Rus Carlborg and Dr. Sang-Youl Lee for helping me to understand difficult theories of wave
propagation, MATLAB coding, and FEM formulation. Indeed, the three of you have made
my days in the unbearable basement lab memorable.
My Indonesian friends at Boston, my church friends at CCFC, my students, and all my
other friends at MIT - thank you so much for your support and motivation throughout the
years. I know I can count on all of you when my experiments failed, my programs crashed,
my solutions did not make any sense, and also when I was questioning myself why I put
myself into all this pain. Thank you all.
Time passes by and my time in MIT is coming to an end but the memories will forever
remain. Thank you everyone for making MIT a truly wonderful part of my life.
Contents
1 Introduction 14
1.1 Ultrasonic NDE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2 Broadband Guided Wave Techniques . . . . . . . . . . . . . . . . . . . . . 17
1.3 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.4 Thesis Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2 Synthetic Phase Tuning Method 25
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.2 Angle Wedge Transducer Tuning . . . . . . . . . . . . . . . . . . . . . . . 27
2.3 Comb Transducer Tuning . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.4 Synthetic Phase Tuning (SPT) . . . . . . . . . . . . . . . . . . . . . . . . 30
3 Laser-Generated Lamb Waves 34
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.2 Transient Waves due to an Arbitrary Loading . . . . . . . . . . . . . . . . 35
5
3.2.1 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2.2 Two-Dimensional Fourier Transform . . . . . . . . . . . . . . . . 38
3.2.3 Surface Displacements . . . . . . . . . . . . . . . . . . . . . . . . 44
3.2.4 Laser Source Loading Models . . . . . . . . . . . . . . . . . . . . 47
3.3 Predicted Waveforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.4 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4 SPT of Broadband Signals 56
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.2 Construction of Virtually Tuned Waves . . . . . . . . . . . . . . . . . . . . 57
4.2.1 Computational Efficiency . . . . . . . . . . . . . . . . . . . . . . 66
5 Optimum 'Tuning 70
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.2 Design of Optimum Filter . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
6 Summary and Conclusions 80
A Wave Propagation in Elastic Plates 85
A. 1 Equations of Motion in Acoustic Media . . . . . . . . . . . . . . . . . . . 85
A.2 Dispersion of elastic waves . . . . . . . . . . . . . . . . . . . . . . . . . . 89
A.2.1 Phase velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
A.2.2 Group velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
Dispersion relation . . . . . . . . . . . . . . . . . . . . . . . .
Propagation in an Infinitely Long Plate . . . . . . . . . . . . . .
Rayleigh-Lamb Dispersion Equations . . . . . . . . . . . . . .
Analysis of Rayleigh-Lamb frequency equations . . . . . . . .
Dispersion Curves . . . . . . . . . . . . . . . . . . . . . . . .
B MATLAB Programs
B.1 Numerical Methods for Dispersion Curves Construction
B. 1.1 Bisection Method . . . . . . . . . . . . . . . . .
B.1.2 Newton-Rhapson Method . . . . . . . . . . . .
B. 1.3 Program to Calculate w and k values . . . . . . .
B.2 Program to Model Wave Propagation in Elastic Plates . .
110
. . . . . . . . . . 110
. . . . . . . . . . 110
. . . . . . . . . . 112
. . . . . . . . . . 113
. . . . . . . . . . 115
A.2.3
A.3 Wave
A.3.1
A.3.2
A.3.3
. . 93
. . 94
. . 94
. . 101
. . 107
List of Figures
1-1 Guided (Lamb) waves, where the signal is laser-generated in an aluminum
plate at various distances . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2-1 Schematic diagram of comb transducer tuning of Lamb waves. . . . . . . . 29
3-1 Problem geometry. An isotropic plate of thickness 2h is loaded by an arbi-
trary traction f(x, t) on the top surface (z = h). . . . . . . . . . . . . . . . 36
3-2 The contour of integration in the complex k-plane with poles in the upper
half plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3-3 Spatial loading distribution: (a) uniform distribution; (b) elliptical distribu-
tion, where a is the beam size . . . . . . . . . . . . . . . . . . . . . . . . . 48
3-4 Theoretical waveforms of individual Lamb waves modes (AO, A 1, A 2, A 3 ,
So, S 1 , S2 and S3) in an aluminum plate of thickness 2h = 3.2 mm at a
distance of x = 135 mm, where uniformly distributed source is assumed
with a beam size of a = 0.5 mm . . . . . . . . . . . . . . . . . . . . . . . 51
8
3-5 Experimental schematic of the laser generation and detection of Lamb waves
in a plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3-6 Frequency response of the Lasson EMF-500 laser ultrasonic receiver (cour-
tesy of Lasson Technologies). . . . . . . . . . . . . . . . . . . . . . . . . 53
3-7 (a) Theoretical waveform of Lamb waves in an aluminum plate of thickness
2h = 3.2 mm at a distance of x = 135 mm where an uniformly distributed
line source is used compared with (b) experimental waveform generated
under the same conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3-8 Comparison of the experimental 2-D FFT and theoretical 2-D FT of Lamb
waves in an aluminum plate of thickness 2h = 3.2 mm, where the uniform
distribution space excitation is assumed with beam size a = 0.5 mm. . . . . 55
4-1 Magnitude of the bandpass Butterworth filter's frequency response . . . . . 58
4-2 Processes involved for tuning carried out in the time-domain . . . . . . . . 59
4-3 Processes involved for tuning carried out in the frequency-domain . . . . . 61
4-4 Virtually tuned waves obtained from experimental laser-generated Lamb
waves for 2foh = 4.0 MHz-mm with tuning carried out in the time-domain:(a)
as-filtered case (x = 133 mm), (b) So mode tuning (AT = 287.8 ns), (c)
Ao mode tuning (AT = 272.3 ns), (d) Si mode tuning (AT = 135.9 ns),
(e) A1 mode tuning (AT = 168.8 ns),and (f) S 2 mode tuning (AT = 65.9 ns). 62
4-5 Virtually tuned waves obtained from experimental laser-generated Lamb
waves for 2foh = 4.0 MHz-mm with tuning carried out in the frequency-
domain:(a) as-filtered case (x = 133 mm), (b) So mode tuning (Ar =
287.8 ns), (c) AO mode tuning (Ar = 272.3 ns), (d) Si mode tuning (Ar =
135.9 ns), (e) A 1 mode tuning (Ar = 168.8 ns),and (f) S 2 mode tuning
(A r = 65.9 ns). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4-6 Processes involved for tuning carried out in the spectrotemporal-domain . . 64
4-7 Virtually tuned waves obtained from the experimental laser-generated Lamb
waves for 2foh = 4.0 MHz-mm with tuning carried out in the spectrotemporal-
domain represented in time-frequency plot(So mode tuning with AT =
287.8 ns. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4-8 Virtually So tuned waves obtained by selecting a frequency (in this case,
fo = 1.25MHz)from the time-frequency plot of virtually tuned waves
obtained from the experimental laser-generated Lamb waves for 2foh =
4.0 MHz-mm with tunig carried out in the spectrotemporal-domain . . . . . 67
4-9 Graph comparing the computational efficiencies for tuning processes car-
ried out in time, frequency, and spectro-temporal domain . . . . . . . . . . 69
5-1 Excitation Efficiency: Selecting k to obtain each mode's frequency from
theoretical dispersion curves. AO mode displays the highest energy fol-
lowed by So mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5-2 Results comparing the tuning results of experimental waves tuned of vari-
ous modes using (a)filter with center frequency = 1.25 Hz and (b)optimum
filter with center frequency obtained from Fig. 5-1. . . . . . . . . . . . . . 75
5-3 Comparing the effects of bandwidths in So tuned experimental waves . . . 76
5-4 Comparing the effects of bandwidths in AO tuned experimental waves . . . 77
5-5 Tuning capabilities of different number of waveforms obtained experimen-
tally for So m ode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5-6 Tuning capabilities of different number of waveforms obtained experimen-
tally for AO mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
A-i The superposition of two harmonic waves of slightly different frequencies,
w, and w2 , forms a group. The faster oscillation occurs at the average
(wi + w2)frequency of the two components 2 and the slowly varying group
2
envelope has a frequency equal to half the frequency difference between
the components (W .W2 ). ........ ............ . . . . 922
A-2 Curves illustrating dispersion: (a) a straight line representing a non-dispersive
medium, cg = cp; (b) a normal dispersion relation where cg < cp; (c) an
anomalous dispersion relation where cg > c,. . . . . . . . . . . . . . . . . 94
A-3 Propagation of a plane harmonic Lamb waves in a plate of thickness 2h. . . 95
A-4 Field distributions for the lowest modes on an traction-free isotropic plate
(k ~ 0), where L stands for symmetric or longitudinal modes, and F stands
for antisymmetric or flexural modes [11]. . . . . . . . . . . . . . . . . . . 101
A-5 Dispersion curve for Lamb waves in an aluminum plate (phase velocity),
where the longitudinal velocity is CL = 6320 m/s and transverse velocity is
CT = 3130 m /s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
A-6 Dispersion curve for Lamb waves in an aluminum plate (group velocity),
where the longitudinal and transverse wave velocities are CL = 6320 m/s
and cT = 3130 m/s, respectively. . . . . . . . . . . . . . . . . . . . . . . . 109
List of Tables
3.1 Theoretical conditions used for simulating laser generation. . . . . . . . . . 49
4.1 Required parameters for tuning laser-generated waves (2foh = 4.0 MHzmm,
d=0.825mm, and x=238mm) . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.2 Number of waves needed for each transformation process (forward and
backw ard) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.1 Center frequency for filtering of each mode . . . . . . . . . . . . . . . . . 71
13
Chapter 1
Introduction
Since the end of the Second World War, we have witnessed extraordinary infrastructure
developments everywhere: residential dwellings, office buildings, and factories were con-
structed to accommodate the rapid industrialization. However, these structures are deteri-
orating; thus, in order to prevent failures, there is an imperative need to assess the service
condition of the buildings. Testing of structural systems needs to be carried out to deter-
mine the existence of any ominous flaws that will cause eventual collapse. A wide variety
of test schemes exist, some destructive and some nondestructive. The practical benefits of
nondestructive evaluation are obvious, provided that the results are reliable and the inspec-
tion is cost-effective.
14
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1.1 Ultrasonic NDE
The statement, "It is the human mind, not the physical environment, that determines the
ways in which life is lived on this planet", means that man's survival on this planet depends
on his ingenuity, creativity, and imagination rather than on his adaptive mechanism. There
is certainly much truth in this statement. Man thrives on invention, doing it for the sole
purpose of survival.
Animals used God-given traits to survive, while man utilized his intelligence and ra-
tional thinking to acquire a certain mastery over the elements of Nature. In ancient times,
man suffered due to his inability to hear ultrasound, which would be beneficial for hunt-
ing. On the other hand, some animals are able to hear ultrasound, such as echo-locating
bats, which utilize ultrasound to "see" at night for their basic survival. The same is true
of porpoises, dolphins, and whales in murky ocean waters. Man's instinct does not yield
to circumstances, and instead, a primitive human tamed a wolf to obtain help in hunting,
making wolves the first ultrasonic equipment.
Eventually, the age of discovery led to the age of industrialization. As technology ad-
vances, ultrasonic is needed in many fields: physics, navigation, chemistry, engineering,
etc. Twenty years prior to the dawn of the twentieth century, piezoelectricity was first dis-
covered, enabling generation and detection of ultrasound. This work was further enhanced
and used for various developments in ultrasonic through World War I. In the 1920's, a Rus-
sian scientist by the name of S.J. Sokolov [1] explained the use of ultrasound in damage
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detection of manufactured parts, establishing fundamentals for non-destructive evaluation.
In the 1940's, Firestone and Simmons developed the concept of pulsed ultrasonic testing
using the echo principle [2], which is often regarded as the stepping stone for future de-
velopments as it eliminated many problems associated with standing-wave formation. This
breakthrough is followed by a remarkable pace of technological improvement in using ul-
trasonic: an expansive and fascinating mirror of human history involving the advent of
great discoveries, such as magnetostriction, piezoelectricity, sonar, ultrasonic microscopy,
etc.
Perhaps, ultrasonic can be thought as one of the most beneficial inventions to human
developments; specifically, in the field of non-destructive evaluation of materials as well as
for material characterization due to its relatively high accuracy and ease of use. Conven-
tional ultrasonic NDE techniques have found its niche in the inspection of bulk materials or
assessing materials in the thickness direction. The main advantage of using such techniques
is the ease of interpreting signals since bulk waves do not change their shape as they propa-
gate in acoustic media. However, these traditional ultrasonic techniques are limited to mon-
itoring local areas, making inspection to be time-consuming and cumbersome, particularly
for large-scale structures. In addition, as material technology advances and structures are
becoming more complex, it is often difficult to place a conventional ultrasonic transducer
on the structural system. There is, therefore, an urgent need to introduce ultrasound by
other mean other than piezoelectric transducers. Considering these shortcomings, guided
waves and laser-based ultrasound were two possible remedies. Time-factor can be easily
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solved by using guided waves (waves propagating in bounded media) as they can travel
long distances along the plane of the members, saving time tremendously. Next, the needs
for contact to generate ultrasound pulses can be eliminated with the use of laser, which is a
convenient way to introduce ultrasonic pulse in materials.
1.2 Broadband Guided Wave Techniques
Guided waves refer to the waves propagating in bounded media. One advantage of guided
waves as opposed to bulk waves is that they can travel long distances along the plane of the
members; thus, the entire thickness of the plate can be inspected instead of only that of a
single point on the surface. This generates considerable time-saving, which is particularly
attractive for the assessment of large structures consisting of thin or slender members, such
as pipes, membranes, rods, plate girders, slabs and even multilayered structures. Consider-
ing the abundance of such structures, the importance of guided aves is undeniable.
Lamb waves are a special form of guided waves, propagating in a solid plate with
traction-free boundaries, which result in the interference of multiple reflections and mode
conversion of longitudinal waves and transverse waves at the plate surface. The wave
propagation in bounded structures is governed by the renowned Rayleigh-Lamb dispersion
relations [3, 4]. Despite the time-saving benefit offered by using guided waves (Lamb
waves), they are dispersive and multi-modal. Being dispersive means that the wave does
not retain its shape as they propagate through the medium and multi-modality signifies
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that more than one mode co-exist as the wave propagates categorized into two different
groups: (1) longitudinal plate waves having symmetric displacements, and (2) flexural plate
waves having antisymmetric displacements with respect to the center of the plane [3,4].
Due to multi-modal and dispersive nature of Lamb waves, it is essential to understand the
complicated propagation mechanism of Lamb waves, which is extensively discussed in
Appendix A. Interpreting the signal received, thus, is the main drawback of using Lamb
waves as opposed to bulk waves. This highlights the importance of tuning Lamb waves.
Again, in order to use guided waves for NDE applications, the signals need to be tuned.
The most common method to generate guided waves is oblique angle insonification. In gen-
eral, a variable or fixed angle wedge transducer is used for controlling the incident angle.
This tuning technique, however, has several limitations: (1) it is difficult to set the angle
of incidence with appeciable accuracy due to manual manipulation; (2) the signal needs
to transverse numerous interfaces, which introduces reflections, producing high peaks near
the main bang. Alternatively, one can opt to use array transducers for tuning. One popular
array transducer is a comb transducer. Modes of interest may be tuned by adjusting the ele-
ment spacing or the frequency of the excitation pulse or by phase delays. The most critical
problem in using such technique is that the wave inherently propagates bidirectionally as
all of the elements are simultaneously activated by the same signal, resulting in a symmet-
ric excitation pattern. Furthermore, the array is not an effective receiver. Understanding the
limitation of these tuning techniques, a novel method has been developed by using a linear
phased array whose elements are activated according to a prescribed time delay profile ob-
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tained from the dispersion curves. There are two approaches: (1) the phased array approach
and (2) the synthetic tuning approach. The two methods are based on the same physical
principle but phased arrays require time delay circuits and individual pulser/receiver units.
The phased array approach is advantageous for constructing actual waves generated by the
transducer, which may have a higher signal-to-noise ratio (SNR). On the other hand, the
cost of a circuit may be high, and the time resolution is limited by the delay circuit.
As an alternative solution, the SPT method has been developed. Using this technique,
signals obtained from individual elements are independently recorded, and they are manip-
ulated numerically to generate and receive synthetic signals. A drawback of this technique
is that the noise introduced in the individual waves may have poorer SNR than those ob-
tained by a phased array under the same condition. Despite this disadvantage, SPT is the
preferred technique. Firstly, SPT is far less hardware intensive, and therefore, is a more
cost-effective approach because it does not require expensive time delay circuits or multi-
ple pulser/receiver units. In fact, SPT can be implemented by using a single pulser/receiver
(or a function generator and pre-amplifier) unit combined with a simple multiplexing unit
or solid state switches that connect one element to the pulser/receiver unit at a time. Fur-
thermore, SPT enables flexible operations such as off-line processing because individual
waveforms are recorded. The temporal resolution of the delay profile is limited only by the
sampling rate of the digitizing instrument; this limitation may be overcome using interpo-
lation.
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Unfortunately, tuning using the SPT is limited for narrowband signals. Since guided
waves are dispersive, using narrowband guided waves allow for simple signal processing
schemes as the influence of dispersion are minimally attributed. However, it is often desir-
able to use broadband signals because the information over a wide range of frequency can
be processed without sweeping the frequency. An excellent source of broadband signals is
laser. An added advantage of laser is that it eliminates the need for contact and as structures
become more complex, the elimination of contact is clearly beneficial. Despite such, be-
ing broadband means that the complexity of signals interpretation is further exacerbated as
shown by Fig. 1-1. Therefore, it is the primary aim of this paper to discuss the application
of SPT technique to tuning of broadband Lamb wave signals.
1.3 Objectives
This research is motivated by the need to develop effective tuning scheme for laser-generated
Lamb waves. Specifically, the objectives are summarized into two aspects:
" To extend the SPT technique for tuning of broadband guided wave signals
" To provide suggestions and guidelines for selecting optimum tuning parameters
Introduction Page 20Chapter 1
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9 Chapter 1 outlines the objectives of the research. Traditional ultrasonic NDE tech-
niques are reviewed with their specific advantages and disadvantages. In order to
remedy the shortcomings of using conventional ultrasonic bulk waves for NDE ap-
plications, guided (Lamb) waves are intorduced. However, due to the dispersive
nature and multi-modality of guided waves, the importance of tuning is highlighted.
Tuning using a linear dynamic phased arrays is introduced and instead of using a
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time-delay circuit, synthetic phase tuning (SPT) approach is adopted. SPT technique
is discussed briefly with its inherent limitation. Finally, the objectives of the thesis
are outlined along with its structure.
" Chapter 2 briefly discusses various tuning techniques available, such as the tradi-
tional angle wedge and comb transducer. Their principles of wave mode tuning and
limitations are explained. In order to remedy the drawbacks, an innovative approach
using a linear phased array is proposed. The principle of mode tuning using phased
arrays is explained. Furthermore, the limitations of this technique are pointed out,
which leads to the adoption of phased array technique where the time delay is pro-
vided numerically instead of relying on a time-delay circuit, referred as Synthetic
Phase Tuning - SPT. This is followed by the introduction of the principle of SPT
method.
" In Chapter 3, a theoretical model is developed to analyze the transient response of
an elastic plate to an external laser source using an integral transform method. Pre-
dicted waveforms based on the line source loading model are analyzed using group
dispersion curves and 2-D FT of displacements. Laser-generated Lamb waves in an
aluminum plate are obtained and compared with the theoretical waveforms due to
a line source loading. Furthermore, experimental dispersion curves (2-D FFT) are
constructed and compared with the theoretical dispersion curves (2-D FT).
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" Chapter 4 investigates the appropriateness of SPT technique for tuning of broadband
signals. The SPT schemes is applied to a set of laser-generated signals to construct
virtually tuned waves. With appropriate filtering using butterworth filter, tuning re-
sults of various modes are discussed. Furthermore, tuning processes in time, fre-
quency and spectro-temporal domains are discussed alongside with their respective
computational efficiencies.
" Chapter 5 studies parameters that affect tuning capabilities of various modes to achieve
optimum tuning. Filter design is modified to enhance each mode tuning capabilities
by changing the center frequency and the bandwidth for each mode's filter. The ef-
fects of the number of waveforms obtained on tuning capabilities of various modes
will also be explained.
* Chapter 6 summarizes the research work.
" Appendix A explains extensively the fundamentals of Lamb waves necessary for un-
derstanding the basic concept of guided waves. The equations of motion in acoustic
media are reviewed along with the concepts of phase and group velocities, which are
essential in understanding the dispersive nature of guided waves. The wave propa-
gation in plates with free boundaries is reviewed, giving rise to the Rayleigh-Lamb
dispersion equations. This emphasizes the significance of mode tuning for the effec-
tive interpretation of guided wave signals.
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In Appendix B, MATLAB programs to solve the Rayleigh-Lamb dispersion equa-
tions are included. Programs outlining numberical procedures using the Newton-
Rhapson and bisection procedures required to solve the dispersion equations are pre-
sented too. Furthermore, MATLAB programs to model wave propagation in elastic
plates are also included.
Chapter 2
Synthetic Phase Tuning Method
2.1 Introduction
Lamb waves need to be tuned for accurate signals interpretation. Clearly, this is one
shorcoming in using Lamb waves for NDE applications despite the fact that Lamb waves do
offer an attractive solution for inspecting thin-walled structural members as they can travel
long distances in the plane of the membrane. Unlike bulk waves, the propagation velocity
of Lamb waves is a function of frequency, meaning that the shape of the propagating wave
could change as they travel in the medium. At least two modes exist at a single frequency
and the number of co-existing modes increase with respect to an increase in frequency.
Considering this, it is less complex to analyze narrowband signals than broadband sig-
nals as narrowband signals are processed in the time domain; thus, waves retain their shapes
as they propagate in the medium, minimizing dispersion effects. Despite this, it is still
25
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preferable to discern one desired more from the other modes using mode tuning process.
With successful mode tuning, Lamb waves can be conveniently used to detect flaws in
structural members by measuring the time of flight (TOF) of a single reflection from a flaw.
Despite such, broadband signals are preferable since they contain rich information over
a wide range of frequency. One common source of broadband signals is laser as it auto-
matically eliminates the need for extablishing contact between specimen and transducer.
This makes laser-generated Lamb waves more attractive since it is non-contact and the
signals generated are broadband. Analyzing broadband signals is more difficult than its
narrowband counterpart and before laser-generated Lamb waves can be effectively used,
the signals need to be tuned.
Several tuning techniques of Lamb waves are available; among these, two major state-
of-the-art tuning techniques - angle wedge transducer and comb transducer tuning and the
new innovative dynamic phase tuning technique using linear phased arrays (or commonly
referred as phased array tuning technique). All these methods have their own advantages
and disadvantages. In order to rectify the drawbacks associated with each of the three tun-
ing methods, we propose a dynamic phase tuning method using an array transducer, com-
monly referred as the synthetic phase tuning (SPT). Eventually, we will use SPT concept
to tune broadband Lamb waves.
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2.2 Angle Wedge Transducer Tuning
The most common and economical way to tune Lamb waves is to control the incident angle
using a variable or fixed angle wedge transducer [3, 5]. Snell's law governs the principle
of this angle wedge tuning technique, which gives rise to the computation of the required
angle of incidence 6,, [5]. The transducer generates a plane wave of wavelength A, and as
the plane wave arrives at the interface between the wedge and the plate, Lamb wave modes
are excited with different wavelength or velocities. Among all the generated modes, only
the mode with a wavelength of Ap (which is the mode to be tuned) is efficiently generated
due to the delayed arrival times of the wave.
Angle wedge transducer tuning technique is certainly simple to operate. Despite its
simplicity, there are few limitations. Firstly, due to its manual manipulation, it is difficult
to set the angle of incidence with any appreciable accuracy. The sensitivity due to misalign-
ment is uncertain and error levels may vary for different modes and frequencies. Next, the
wedge assemble introduces many interfaces that the signal must transverse. A typical vari-
able angle wedge consists of two parts: a main wedge and a block rotating around the
wedge. Since the transducer is mounted on a plastic block, three interfaces exist in the
transducer-wedge assembly: (1) one between the transducer and the rotating block, (2) one
between the block and the main wedge, and (3) one between the wedge and the speci-
men. These interfaces introduce reflections, producing high peaks near the main bang. No
matter how similar the acoustic impendances between the two wedge pieces, reflections
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are still likely, especially if there is poor coupling. The reflections from the interface be-
tween the wedge and the test materials could be pronounced due to the potentially high
impedance mismatches. The problem may be exacerbated for smaller angles of incidence,
where strong multiple reflections may occur. This not only diminishes the inspection zone
in the vicinity of the transducer but also decreases the transmission efficiency.
Additional limitations include: mode whose phase velocity falls belo that of the longi-
tudinal aves in the wedge cannot be tuned; the wedge works as a delay block as a whole,
requiring additional travel time that should be taken into account in the analysis; and the
signal may be attenuated significantly before impinging the inspection material. All of the
aforementioned limitations make angle wedge transducers rather cumbersome in certain
situations despite its wide applications.
2.3 Comb Transducer Tuning
Alternatively, one can opt for comb transducers instead of relying on angle wedge. Comb
transducers have been widely explored for single mode excitation of Lamb waves [3], [6],
[7], [8]. Comb transducers are in fact linear arrays whose elements are equally spaced.
The tuning effect is achieved through adjusting the element spacing or the frequency of
the excitation pulse. Figure 2-1 schematically depicted the principle of Lamb wave tuning
using a comb transducer. A gated sinusoidal signal of carrier frequency f, excites all the
elements at the same time. Or, in some cases, the elements are divided into two groups
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Comb transducer
Plate
Figure 2-1: Schematic diagram of comb transducer tuning of Lamb waves.
by activating every other element. By adjusting the distance between the elements, d, it is
possible to generate guided waves of wavelength equal to d with the vibration (or carrier)
frequency f,, i.e., the interelement spacing can be chosen such that d = cp/fc. Similarly,
by adjusting fc, it is possible to control the signal in such a way that the signal peaks are
synchronized with the travel velocity of the mode to be tuned.
Comb transducers do have several advantages over wedge transducers [7], particularly
in their ability to tune wave modes of low phase velocities. On the other hand, this tech-
nique has several limitations as well. The most critical problem is that the wave inherently
propagates bi-directionally due to simultaneous activation of elements by the same signal,
resulting in a symmetric excitation pattern. Consequently, waves of commensurable energy
emanate from both sides of the transducer. Similarly, the arrays cannot be effectively used
as a receiver. Since the interelement spacing of the transducer is fixed and all the elements
are engaged together, the constructive interference occurs only for the wave whose wave-
length is equal to the interelement spacing. It is not possible to control the wavelength and
hence these arrays are not suitable for dynamically tuning the signals in the receiving mode.
Chapter 2 Synthetic Phase Tuning Method Page 29
Synthetic Phase Tuning Method
In addition, it may be noted that the control of frequency characteristics of the propagating
wave is not flexible. Furthermore, the produced signals generally have a long duration time,
resulting in poor spatial resolution.
2.4 Synthetic Phase Tuning (SPT)
Previously, two tuning techniques were described: angle-wedge transducer and comb trans-
ducer tuning. Tuning using angle-wedge transducer is simple but does present drawbacks.
These include inapplicability for tuning modes whose phase velocity is bigger than the lon-
gitudinal velocity in the wedge; difficulty in setting the angle of incidence accurately; and
lastly, the existence of multiple interfaces which introduces high peaks near the main bang.
Comb transducer tuning technique is more superior than the angle-wedge tuning technique
but it presents other complications such as symmetric excitation patter due to bi-directional
wave, incapability of arrays to be used as a receiver, inflexible control of propagating wave
frequency, and poor spatial resolution in the produced signals. Alternatively, an innovative
phased array tuning technique is proposed to overcome the drawbacks of the two afore-
mentioned tuning technique. However, this tuning technique is very costly as its tuning
capacity is directly affected by the capacity of the pulser circuit, which is extremely costly.
Therefore, another dynamic phase tuning method using an array transducer, commonly
referred as the synthetic phase tuning (SPT), is proposed. The principle of this method
will be introduced followed by the description of the operating schemes. This is followed
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by detailed description of the procedures for constructing virtually tuned waves, which is
applied to tuning of laser-generated Lamb waves.
In this scheme, the element located farthest from the direction of the desired propa-
gation is excited first. The wave generated by this element is multi-modal, bi-directional,
and dispersive. In other words, the activated element sends several different speeds in both
directions. An illustrative waveform is shown in the right-hand side of the top most figure.
The next step is to excite the adjacent element exactly when the wavefront of the desired
mode arrives beneath that element. At this moment, the other waves travelling at different
speeds may have already passed that element, or they may not have reached it yet. Now,
the desired wave mode is constructively interfered, and the other modes are not systemati-
cally modified. Progressive repetition of this sequence for all of the elements increases the
energy so that the amplitude of the desired mode can be significantly boosted.
In effect, we are steering an acoustic beam at an angle of 900 with a linear phased
array. The only difference between our phase tuning method and the aforementioned array
transducers is that the electronics for driving an individual element is completely isolated.
In our approach, only the target wave mode requires a systematic and sequential firing
scheme. In this fashion, the amplitudes of the waves traveling in the intended direction are
enhanced. Increasing the number of repetitions will further squelch the unwanted signals.
The first step is to generate laser signals and record them. The laser-generated signals
at various spatial locations can be used to construct virtually tuned waves. Specifically, the
broadband signals are decomposed into narrowband signals with certain center frequency
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and bandwith, and then virtually tuned waves are constructed according to the SPT scheme
described as follow:
For an arbitrary interelement time delay AT, the corresponding time delays for the m"
time are given by:
tm+i = tm + AT, m = 1, 2,3, ... , M (2.1)
where the excitation time for the first signal obtained is taken as reference (ti = 0). Note
that the first laser signal generated at a distance x = 133 mm away from the laser inter-
ferometer. The next wave is generated at a distance (d = Ax = 0.8255mm) away from
the previous location. Therefore, the number of transmitting elements is equivalent to the
number of scanning locations (M = 128), and the number of receiving elements, in this
case, is (N = 1).
With this time delay profile, the synthetic wave received can be constructed by summing
the time-shifted waveforms for all exciting elements, which can be written in the form:
M
sn(t) = WmSm(t - tin), (2.2)
m=1
where sm(t) are the waves transmitted on the mth time and wm is the amplitude weighting
function. For convenience, we may take wm = 1, assuming that all elements are made
equal. Noting this and by substituting tin, Eq. 2.2 can be rewritten as
M
sn(t) = ZS.(t - (m - 1)A) ,n = 1,2,3, ... ,N (2.3)
m=1
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Setting the time delay to be equal to
d
Ar = - (2.4)
Cp
the constructed wave takes the form
sn (t) = M s(t- c )(25M ( (2.5)
m=1
The SPT method essentially shares the same physical mechanism with the phased array
tuning method. In other words, the tuning effect is achieved by adjusting the time delay
to boost the mode of interest. The key difference between these two methods is the way
the time delay for the excitation of array elements are provided. Delay cirucit is used to
provide the time delay for the phased array tuning while for the case of SPT, the time delay
is provided numerically rather than physically. Hence, the SPT technique deals with virtual
or synthetic waves, in which the tuning is the result of manipulating a set of waveforms
transmitted and received by individual elements.
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3.1 Introduction
Essentially, we have to select wave modes that have excellent tuning capability for achiev-
ing high SNR as different wave modes demonstrated different tuning capabilities. There-
fore, this necessitates the analysis of transient waves for a given source of excitation, which
will help us understand the reason why one mode has a higher amplitude than another.
Since this is critical for the applications of Lamb waves, much efforts have been made to
analyze transient Lamb waves in elastic plates. Currently, there are two mainstream ana-
lytical approaches used widely in this regard, including the integral transform method, the
normal mode expansion method or the equivalent eigenfunction expansion method. Fur-
thermore, numerical methods such as the finite element method are also available.
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Among the many analytical and experimental tools available, we are particularly in-
terested in the 2-D FT method. This method is based on the spectral analysis of Lamb
wave signals in the frequency-wavenumber domain. In this method, signals measured at
many sequential points along the wave propagation direction are processed in two phases.
Individual signals are first transformed from time domain to the frequency domain. The
transformed set of signals are transformed again from the space domain to the wavenum-
ber domain. The net result of this operation is a set of dispersion curves presented in the
frequency-wavenumber domain, providing both the amplitude and phase velocity infor-
mation of the Lamb wave modes. This analysis is extended to derive the displacements
induced by an arbitrary transient loading, in this case, laser.
3.2 Transient Waves due to an Arbitrary Loading
3.2.1 Problem Statement
Consider an isotropic plate of thickness 2h loaded by an arbitrary traction f(x, t). The
problem geometry along with the coordinate system is shown in Fig. 3.2.1, in which the
stress boundary conditions are prescribed as
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f (x, t)
tUzz(XI t) =
0
o2(x,t) = 0
at z = +h
at z = -h
at z = h,
Assuming the state of plane strain, the equations of motion can be expressed in terms of
displacements as:
(A+p) (x 2
(A +u + dz2
(2uz 02 uz'\
+9 2 + az2 J
where A and p are Lame constants, and p is the mass density.
(Ir
fX t)
2h$ y x
Figure 3-1: Problem geometry. An isotropic plate of thickness 2h is loaded by an arbitrary
traction f(x, t) on the top surface (z = h).
(3.1)
(3.2)
a2Uz
= pj32 (3.3)
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Our objective is to obtain the 2-D FT of the displacements u,(z, x, t) induced by the
loading f(x, t), which is defined as
+of +00
n(z, k, w) = 0 100Un(z, X, t)e-j(kx-wt)dxdt ,(3.4)
where k and w are the wavenumber and angular frequency. The subscript n denotes the
axis, i.e., n = x (in-plane) or n = z (out-of-plane). Correspondingly, the inverse FT is
defined as
1 +oof+oo
u1(z,x,t) = ] ] n(z, k, )e(k-t)dkdw, (3.5)Un(Z X t =47r2 
_00 f0
The solution itn(z, k, w) can be obtained simply by substituting the displacements un(z, x, t)
in the form of inverse 2-D Fourier transform into the equations of motion and satisfying the
boundary conditions.
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3.2.2 Two-Dimensional Fourier Transform
The derivatives of ux(z, x, t) and u (z, x, t) with respect to the variables x, z and t are
obtained as
u 1 +OOf +OO
ax 47r2 0
+ j
47r2 0
If+0o
47 -0
+00
-00
1 + oo di6
[0 dz (jk) exp[j(kx - wt)]dkdw
47r2 J 00 i 2(-w) exp[j(kx - wt)]dkd ,
0u 1 +0+ dii
-_ - f- exp[j(kx - wt)]dkdw
az 47r2 _+CO) f 0 dz
- 412 f 7"
-0 _ dz2
exp[j(kx - wt)]dkdw
1- 1 dz (jk) exp[j(kx - wt)]dkdw47r2 c c dz
4- 2 
-00 2ii(-W2 ) exp[j(kx 
- wt)]dkdw.
fix(jk) exp[j(kx - wt)]dkdw
fix(-k 2 ) exp[j(kx - wt)]dkdw02 ux
0
2
a2U
02 ux
0t 2
(3.6)
(3.7)
(3.8)
(3.9)
and
02 u
az2
2 uz
0z _x
02 u,
at2
(3.10)
(3.11)
(3.12)
(3.13)
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By substituting these into the governing equations of motion or Eqs. 3.3, we would have
the ordinary differential equations:
p + [(A + p)(jk)]d_ + [pw2 - k2(A + 2p)] 0dz dz ) [ 0
(A + 21L) d2+ [(A + p)(jk)]- + [pW2 - k 2p]fLz = 0 .
Solving, the general solutions of ii, (z, k, w) can be thus written in the form:
f. = {jAk cosh(az) - DO cosh(/3z)} + {jBak sinh(az) - CaiOsinh(#z)}
fIz = {Asa sinh(az) + jDk sinh(#z)} + {Baa cosh(az) + jCk cosh(z)} ,
(3.14)
(3.15)
(3.16)
(3.17)
where the parameters a and , are defined as
2 k 2a 
- 2CL 2 
=k 2 - .W
CT
(3.18)
and CL and CT are the longitudinal and transverse wave velocities, respectively. A,, Ds, B"
and C, are the constants to be determined through satisfying the stress boundary conditions.
By far we can express the displacements in terms of these constants using Eq. 3.5.
Since the stresses re related to the displacements by virtue of the constitutive law, i.e.,
7zz = (A + 2) Z+ A ,O9 x' az09 = a+, (3.19)
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the stresses can be expressed in terms of the constants A,, D,, Ba and Ca:
O'z 1 2f+
0 0 f +00
I i 2 +0 00
272 fjO 0
[(A + 2/.)a 2 - A(k2)] [A, cosh(az) + Ba sinh(az)] ej(kx-t)dkdw+
[2pk#3 [jD, cosh(,3z) + jCa sinh(3z)] ei(kx-wt)dkdw ,
(3.20)
and
il +00 f +00
z = 4w /-oo -o24 P7 +00 P+00
t, I 00J0
47r2 J_ 10 -
[2kaj [jA, sinh(az) + jBa cosh(az)] ei(kx-wt)dkdw- (3.21)[k + 32 [D, sinh(oz) + Ca cosh(oz)]
Meanwhile, via the inverse 2-D FT the stress boundary conditions can be expressed as
-wt)dkdw
4 2 {0j(k , w )ej(kx
Orzz(XI t) =4-7roo
0
uzz(x, t) = 0
where f(k, w) is the 2-D FT of the traction f(x, t):
/+00 +00
f(kw) = -001-00 f(x, t
at z = +h
at z=-h
at z = th
(3.22)
(3.23)
)e-j(kx-wt)dxdt .(
ei(kx-wt) dkdw
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By satisfying the stress boundary conditions, the constants are determined as
As = (k2 + 02) sinh(3h) f(k, w)
2pA,
Ba - (k2 + /2) cosh(3h) f(k, w)
2piLAa
DS =jka sinh(ah)- f(k, w)
pA,
Ca- jka cosh(ah) f(k, w)
"~ pAa
where
AS = (k2 + 32)2 cosh(ah) sinh(h) - 4k 2ca# sinh(ah) cosh(Oh)
Aa = (k2 + 32)2 sinh(ah) cosh(oh) - 4k 2ca# cosh(ah) sinh(oh).
(3.27)
(3.28)
Note that the conditions for A, = 0 and Aa = 0 represent the frequency equations for
symmetric and antisymmetric Rayleigh-Lamb wave modes, respectively [3].
From Eqs. 3.16 and 3.17, it is straightforward to compute ft,(z, k, w) at an arbitrary
position z, which can be expressed as the sum of symmetric and antisymmetric parts:
f,,(z, k, w) = fi' (z, k, w) + fi' (z, k, w), (3.29)
where
fi [ = jk (k2 + 32) cosh(az) sinh(3h) - 2a8 cosh(3z) sinh(ah) (k, w)Sjk 
h2pAs,
ja = jk (k2 + 32) cosh(/h) sinh(az) - 2a8 cosh(ah) sinh(3z) 1 (k, w)X I l2pAa
(3.30)
(3.31)
(3.25)
(3.26)
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and
s (k2 + /2) sinh(az) sinh(#h) - 2k2 sinh(ah) sinh(fz) f(k, w) (3.32)
uz =02pA, I
fta = [(k 2 + 32) cosh(az) cosh(3h) - 2k 2 cosh(ah) cosh(dz) f(k, u)) (3.33)
This is the analytical solution representing the transient Lamb waves generated by an arbi-
trary traction. It can be observed that the 2-D FT u' (z, k, w) and ua (z, k, w) are the product
of two independent terms: the first is the material response which is only dependent on the
material properties, and the second term is the loading in the transformed domain which
is only dependent on the external loading. For convenience, we denote Ns(z, k, w) and
N a(z, k, w) as the material responses for the symmetric and antisymmetric wave modes,
i.e.,
fi(z, k, w) = Nn(z, k, w). f(k, w) (3.34)
fa(z, k, w) = Nn(z, k, w) - f(k, w) , (3.35)
where
Ns(Z, k, W)= jk (k 2 +,32) cosh(az) sinh(/3h) - 2a# cosh(3z) sinh(ah) (3.36)
N [(k2 + 32) cosh(ah) sinh(az) - 2a3 cosh(ah) sinh(z)
Nx(z, k, w) = jk 2Aa (3.37)
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and
Nz5(z, k, w) = a (k2 + 32) sinh(az) sinh(/h) - 2k2 sinh(ah) sinh(Jz) (3.38)
N,(z, k, w) = a (k2 + /2) cosh(az) cosh(#h) - 2k 2 cosh(ah) cosh(oz)] . (3.39)
z Z7 k~w) =a I 2pA,,I- (.9
Since it is of our particular interest to consider the case on the upper surface, i.e., z = h,
the corresponding material responses are
N,(h, k, w) = jk (k2 + 02) cosh(ah) sinh(oh) - 2a3 sinh(ah) cosh(oh) (3.40)
1 ~ 2pA,I
Na(h, k, w) = jk (k2 + 32) sinh(ah) cosh(3h) - 2a# cosh(ah) sinh(oh) , (3.41)
and
N'(h, k, w) = a (-k 2 + /2) sinh(ah) sinh(Jh) (3.42)
1 2pA,
Na(h, k, w) = a (-k 2 + 32 ) cosh(ah) cosh(3h) (3.43)
1 2pa
where N,'(h, k, w) and N'(h, k, w) are the material responses on the surface. Similarly,
surface displacements u,(h, x, t) will also be determined.
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3.2.3 Surface Displacements
The surface displacements can be obtained through the inverse FT of ft"(h, k, w). Sim-
ilarly, the displacements are considered as the sum of the symmetric and antisymmetric
components:
u(h, x, t) =n(h x, t) + u"(h, x, t) , (3.44)
where
u (h, x, t) = 41r2 j N (h, k, w) - f(k, w) . ei(kx-wt)dkdw (3.45)
u (h, x, t) =42 j j N(h, k, w) - f(k, w) . ei(kx-wt)dkdw. (3.46)
Since the functions N (h, k, w) and Nn(h, k, w) contain an infinitely large number of
poles corresponding to the roots of the Rayleigh-Lamb dispersion equations, it is conve-
nient to use the residue theorem for evaluating the integrals over the wavenumber k. The
integral over the wavenumber k can be evaluated by integration in the complex k-plane
along the contour shown in Fig. 3-2.
The contour contains the real k-axis and an semi-circle on the upper half of the com-
plex k-plane. The contributions to the perturbed displacement fields come from all the
residues of the integrand within the contour. For a given frequency, there are finite number
of real poles and an infinite number of complex poles with nonzero imaginary parts within
the contour for the given integrand. Since the superposition of two modes with complex
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Imk +
k, k2 k3
Rek
Figure 3-2: The contour of integration in the complex k-plane with poles in the upper half
plane.
wavenumbers, fi(h, k, w) + fi(h, k*, w), forms a standing wave without carrying any energy
from the source, the only modes propagating in the far field are those with real wavenum-
bers. Solving, both the in-plane and out-of-plane surface displacements are obtained as
u-(h, x, t) = S8
a (h, x, t) =
n ~87
1+00 s (h, w) - f(k, w) ei(kx--t)dW
_O k.
j 5 Hna(h, w) f(k, w) -ei(kx-wt)dW
- ka
(3.47)
(3.48)
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where H,(h, w) and H(h, w) are the material responses of individual modes, expressed as
Hxs(h,w) =
Hxa(h,w) =
H ,(h,w) =
H'(h,w) =
(k4 - 34) cosh(ah) sinh(Oh)
2pAI
(k4 - 34) sinh(ah) cosh(3h)
2pA'
a(k 2 _) g2) sinh(ah) sinh(3h)
(3.49)
(3.50)
(3.51)
a(k2 _/3 2) cosh(ah) cosh(#h) (3.52)
Here A' and A' represent the derivatives of A, and Aa with respect to the wavenumber k,
obtained as
A' =8k(k2 + 32) cosh(ah) sinh(Oh) - 8kaf3sinh(ah) cosh(h)-
4hk3 ,3 cosh(ah) cosh(oh) - 4hk3 a sinh(ah) sinh(Oh)+
hk(k 2 + 02)2 sinh(ah) sinh(3h) hk(k 2 + 32)2 cosh(ah) cosh(3h) (3.53)
az P1
4k 3 sinh(ah) cosh(/3h) 4k 3a sinh(ah) cosh(3h)
ap
and
A' 1=8k(k2 ± /2) sinh(ah) cosh(oh) - 8ka# cosh(ah) sinh(/3h)-
4hk 3 3 sinh(ah) sinh(3h) - 4hk'a cosh(ah) cosh(/3h)+
hk(k2 + 32)2 cosh(ah) cosh(Oh) hk(k 2 + 32)2 sinh(ah) sinh(3h)
a P
(3.54)
4k 3 cosh(ah) sinh(3h) 4k 3a cosh(ah) sinh(3h)
a 3
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Note that the summations are carried out for the real wavenumbers k, and ka to represent
the propagating waves in the far field.
3.2.4 Laser Source Loading Models
Now, we need to consider the loading conditions. In order to find the displacements of
transient waves due to the laser source, we need to find the expression for the line source
f(x, t), which is considered as the product of the time excitation function g(t) and space
excitation function p(x).
For simplicity, the time excitation function is assumed to be a Dirac delta function,
since the duration of the broadband laser pulse is in general very short (less than 10 ns).
Fig. 3-3 shows two types of space excitation functions: (a) unifrom distribution function
which has constant amplitude over the beam area, and (b) elliptical distribution function in
which the intensity decreases elliptically from the center of the beam. If the beam size a is
small, it is reasonable to imagine that the uniform distribution is equivalent to the elliptical
distribution. Thus, in the following we simply assume uniform distribution space function.
Line Source
The spatiotemporal loading for a line source can be represented by
f (, t) = [H(x + a/2) - H(x - a/2)]J(t), (
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(a) (b)
Figure 3-3: Spatial loading distribution: (a) uniform distribution; (b) elliptical distribution,
where a is the beam size
where H(x) is the Heaviside step function. The corresponding spatial and temporal Fourier
transform is obtained as
+oo +a/2
6(t)ejw'"f [H(x+a/2)-H(x-a2)]e-jkxdx =
J-a/2
e-ikxdx - sin(ka/2)
k/2
(3.56)
3.3 Predicted Waveforms
The expression for f(k, w) enable us to predict the transient waves due to a line and circular
source. Consider a laser source of diameter a = 0.5 mm at the surface of an aluminum plate
of thickness 2h = 3.2 mm. The distance between the receiving point and the coordinate
origin is set as x = 135 mm. These conditions used for the prediciton are summarized in
Table 3.1.
/+oOj~k, 
-00
I L I L 
a
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Table 3.1: Theoretical conditions used for simulating laser generation.
Parameter Value
Material Aluminum
Longitudinal wave speed, CL, (m/s) 6320
Transverse wave speed, cT, (m/s) 3130
Plate thickness, 2h, (mm) 3.2
Transducer size, a, (mm) 0.5
Propagation distance, x, (mm) 135
Fig. 3-4 shows the predicted waveforms for individual wave modes, for the line source
loading model respectively. Here we have displayed the four lowest antisymmetric modes
(Ao, A 1 , A 2 , A 3 ) and symmetric modes (SO, S 1, S 2 , S 3 ). By summing all the displacements
of the individual modes, we are able to obtain the overall theoretical wave displacements.
3.4 Experimental Results
Figure 3-5 shows the schematic of the experimental arrangement for the laser generation
and detection of Lamb waves in an aluminum plate. The excitation (source) laser was a
flash-lamp pumped, Q-switched Nd:YAG laser operating at a wavelength of 1064 nm. The
pulse energy was about 90 mJ and the pulse width was 6-8 ns. The smallest beam diameter
achievable by focusing was less than 1 mm (or could be approximately 0.5 mm), compared
to an unfocused beam diameter of approximately 3.75 mm. The excitation laser head was
mounted on a linear sliding table with a scanning resolution of 25.4 pim.
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The out-of-plane displacements were detected by a laser interferometer powered by a
continuous wave Nd:YVO4 laser and a photo-EMF detector operating at a wavelength of
532 nm. The output power was set at 1.0 W. The frequency response of the photo-emf
detectos is shown in Fig. 3.4. In the experiment, a total of 128 waveforms are recorded
with the receiving laser remained at a fixed position while moving the generating laser at a
spatial sampling interval of 0.8255 mm. The source-receiver distance x was controlled by
moving the sliding table (or the source laser). The signals detected by the interferometer
were then digitized by a digital oscilloscope with a maximum sampling rate of 60 MHz.
These signals were then transferred to a computer for storage and analysis.
Experimental waveform measured at a source-receiver distance of x = 133 mm is
shown in Fig. 3-7. Comparing the analytical and the experimental waveforms, which is
shown in Fig. 3-7, we can observe a close agreement between the two waveforms sets.
Furthermore, from the 128 waveforms obtained at various spatial locations, we can obtain
dispersion curves using a fast 2-D FFT, which is presented as a gray scale image as shown
in Fig. 3-8. The image shows the amplitude-wavenumber information at discrete frequen-
cies, through which the individual Lamb wave modes are identified. A Hanning window
was used to reduce the leakage in the wavenumber domain. Fig. 3-8 also shows the pre-
dicted Fourier spectrum, fi(h, k, w) of Lamb waves in the aluminum plate, for a uniform
distribution space excitation over the beam diameter a = 0.5 mm. As confirmed earlier, the
experimental results do agree very well with the theoretical results.
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Figure 3-4: Theoretical waveforms of individual Lamb waves modes (AO, A 1 , A 2, A 3 , SO,
S1, S2 and S 3) in an aluminum plate of thickness 2h = 3.2 mm at a distance of x =
135 mm, where uniformly distributed source is assumed with a beam size of a = 0.5 mm
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Figure 3-6: Frequency response of the Lasson EMF-500 laser ultrasonic receiver (courtesy
of Lasson Technologies).
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Figure 3-7: (a) Theoretical waveform of Lamb waves in an aluminum plate of thickness
2h = 3.2 mm at a distance of x = 135 mm where an uniformly distributed line source is
used compared with (b) experimental waveform generated under the same conditions
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Figure 3-8: Comparison of the experimental 2-D FFT and theoretical 2-D FT of Lamb
waves in an aluminum plate of thickness 2h = 3.2 mm, where the uniform distribution
space excitation is assumed with beam size a = 0.5 mm.
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Chapter 4
SPT of Broadband Signals
4.1 Introduction
In dealing with guided waves, signals of different spectral characteristics can be used:
broadband and narrowband signals. Indeed, narrowband signals allow for simple signal
processing schemes because the influence of dispersion are minimally attributed. However,
it is often desirable to use broadband signals because the information over a wide range of
frequency can be processed without sweeping the frequency. Unfortunately, broadband
signals do exacerbate the complexity of interpreting guided wave signals.
Tuning, therefore, is important in order for us to intepret the signals accurately. In
Chapter 3, we have discussed three tuning techniques: angle wedge transducer tuning,
comb transducer tuning, and the innovative phased array tuning techniques. Alternatively,
we propose another dynamic phase tuning method using an array transducer based on the
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same principle as phased array tuning. However, instead of relying on time delay circuits
to provide the required the time delay, the time delay is provided numerically in the SPT
approach. Clearly, this makes phased array tuning to be more attractive as previously,
tuning results are greatly dependent on the delay capacity and resolution of the circuit; and
in order to obtain excellent results, this can be an extremely expensive solution.
Despite such, SPT is generally limited to tuning of narrowband signals; thus, in this
chapter, we will extend SPT to tuning of broadband signals, which will be generated
by laser. With all the advantages of laser broadband signals, if successful tuning can be
achieved, laser ultrasonic NDE will definitely be the more preffered option in the future.
4.2 Construction of Virtually Tuned Waves
In SPT testing, the tuning effect is achieved by manipulating the individually obtained
signals. Generally, the laser-generated signals at various spatial locations can be used to
construct virtually tuned waves. Specifically, the broadband signals are decomposed into
narrowband signals with certain center frequency and bandwidth; virtually tuned waves
are then constructed according to the synthetic phase tuning (SPT) scheme described later.
In this case, the inter-element spacing is equivalent to the space sampling interval (d =
Ax = 0.8255 mm) and the number of transmitting elements is equivalent to the number of
scanning locations (M = 128).
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After sum and delay, filter needs to be applied to remove unwanted frequencies. The
filter design is critical for successful tuning, which is decided by two design parameters: the
chosen center frequency and bandwidth of the narrowband signals. We choose an arbitrary
frequency-thickness value of 2foh = 4.0 MHzmm, meaning that the center frequency is
fo = 1.25 MHz as the plate thickness is 2h = 3.2 mm. Correspondinglya Butterworth
bandpass filter of order 20 is used where the lower- and upper-bound frequency are 1.0 and
1.5 MHz. Fig. 4-1 shows the magnitude of the filter's frequency response.
0.8-
0.6-
0.4-
0.2-
0
0 0.5 1.5 2 2.5
Figure 4-1: Magnitude of the bandpass Butterworth filter's frequency response
For the frequency-thickness value of 4.0 MHz-mm, there are five wave modes: AO, A 1,
So, S1, and S 2. The phase and group velocities along with the required time delay and
group delays for these modes are tabulated in Table. 4.1.
1
1
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Table 4.1: Required parameters for tuning laser-generated waves
d=0.825mm, and x=238mm)
(2foh = 4.0 MHzmm,
Input Signal
S1(t)
S2 (t) -
S3(t) -
0
0
0
SM(t) -
Butterworth Filt
Filter
er Delay
ATu
Sum Output
2A-- 
- S(
- (M- I)AT
Figure 4-2: Processes involved for tuning carried out in the time-domain
Tuning can be carried out in three different domains: time, frequency, and spectro-
temporal. Fig. 4-2 shows the process for tuning in time-domain where the construction
Wave Phase velocity Group velocity Time delay Group delay
mode c,, (m/s) C,, (m/s) Ar, (n/s) t9 , (ps)
S2 12,520 3.196 65.9 42.2
S1  6,072 4,548 135.9 29.7
A 1  4,887 2,554 168.8 52.9
so 3,030 2,618 287.8 51.6
Ao 2,867 3,026 272.3 44.6
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process can be represented by the following formula:
M
s(t) = sm (t - (m - 1)AT) 0 h(t)) . (4.1)
m=1
where as before, sm(t) are the signals obtained, Ar is the required time delay at a certain
frequency, 0 represents the convolution, and h(t) is the filtering function (in this case, a
bandpass filter is utilized). It is often convenient to make the computation in the frequency-
domain instead of time as filtering is carried out after the virtually tuned waves have been
constructed; thus, saving a considerable amount of time as there are lesser FFT and IFFT
processes. Fig. 4-3 shows the steps involved for tuning laser in the frequency-domain with
the construction process represendted by the folloqing equation:
M
s(t) = s 9m(w)ejwOm)-w .h(w), (4.2)
m=1
where .(w), m, and h(w) are the Fourier transform of s(t), sm(t) and h(t), respectively.
Fig. 4-4 shows the tuned results of laser-generated Lamb waves carried out in the time-
domain while Fig. 4-5 shows the results for tuning in the frequency-domain. As expected,
the results for tuning carried out in both time and frequency domain are similar. We can
observe that among these modes, AO and So modes are tuned well while A 1, S1, and S2
modes are not. Now, we can deduce that filtering is the most time-consuming process as it
involves both FFT and IFFT processes. In order to eliminate the needs for filtering, tuning
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Figure 4-3: Processes involved for tuning carried out in the frequency-domain
can be carried out in the spectro-temporal domain as the tuned signals can be represented in
the time-frequency plot. Fig. 4-6 shows the process for tuning in spectrotemporal-domain.
From the plot, we are able to choose a center frequency where the energy appears to be
the largest; thus, removing the other unanted frequencies. Furthermore, fourier transform
may be deficient in extracting local frequency information and this shortcoming can be
overcome by using a method known as the short-time Fourier transform (STFT) where a
time-localizing window function is used [9]. The STFT of a function f(t) is defined as
F(tw) = smn()elw( - t)d (4.3)
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Figure 4-4: Virtually tuned waves obtained from experimental laser-generated Lamb waves
for 2f 0 h = 4.0 MHz-mm with tuning carried out in the time-domain:(a) as-filtered case
(x = 133 mm), (b) So mode tuning (Ai = 287.8 ns), (c) A0 mode tuning (AT = 272.3 ns),
(d) S, mode tuning (AT = 135.9 ns), (e) A1 mode tuning (AT = 168.8 ns),and (f) S2 mode
tuning (AT = 65.9 ns).
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Figure 4-5: Virtually tuned waves obtained from experimental laser-generated Lamb waves
for 2foh = 4.0 MHz-mm with tuning carried out in the frequency-domain:(a) as-filtered
case (x = 133 mm), (b) So mode tuning (Ar = 287.8 ns), (c) AO mode tuning (Ar =
272.3 ns), (d) S1 mode tuning (AT = 135.9 ns), (e) A1 mode tuning (Ar = 168.8 ns),and
(f) S2 mode tuning (Ar = 65.9 ns).
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Figure 4-6: Processes involved for tuning carried out in the spectrotemporal-domain
Letting
(4.4)
and
= t + r
Applying to a signal at time t a window of duration D, we are then able to evaluate the
Fourier Transform of the product by substituting both Eq. 4.4 and Eq. 4.5 into Eq. 4.3,
producing:
D
smn(t, w)e-wt = Smn(t + r)ejwTw(T)dTr (4.6)
where w(t) defines the finite-duration window defined over [0,D]. The window's du-
ration defines the frequency resolution of the short-time Fourier analysis: because .m(t, W)
equals the Fourier Transform of the product between the signal and the window origined at
-r = - t
(4.5)
t, the signal's spectrum is smoothed by the window's spectrum. For the short-time spectrum
calculated at one time instant to approximate the signal's spectrum well, the window's du-
ration should be chosen so that the spectral smoothing function width is narrow compared
with the signal's spectral variations. Simple manipulations yield an equivalent representa-
tion of the Short-Time Fourier Transform as described below:
D
sm(t, w)e~jwt = j Sm(t + T)eiLT w(T)dT (4.7)
This means that 9m(t, w) is a complex-valued lowpass signal that approximates the signal
received at time t and frequency w. By summing the short-time spectra for each linearly
phase-shifted by the appropriate time delay, we will obtain the tuned signal for each mode
as can be seen from Fig. 4-7.
M
.(t, w) = (t, w)e6jwt exp jw(m - 1)AT (4.8)
M=1
According to Johnson [10], 9 (t, w) can be regarded as an approximation to s(w)ewt and
integrating s(t, w) over all frequencies (and normalizing by 27r) gives an approximation to
s(t). This leads to the following equation:
BB) ~ s(wo)e''Wot 
~ s(t, w)
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Fig. 4-8 shows the So tuned signal in spectro-temporal domain and the result is similar to
previous tuning results carried out in both time and frequency domain.
STFT of 128 Experimental Laser-Generated Lamb Waves
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Figure 4-7: Virtually tuned waves obtained from the experimental laser-generated Lamb
waves for 2foh = 4.0 MHz-mm with tuning carried out in the spectrotemporal-domain
represented in time-frequency plot(SO mode tuning with AT = 287.8 ns.
4.2.1 Computational Efficiency
Among the three domains, spectro-temporal domain tuning proves to be most efficient as
signals can be represented in both time and frequency; thus, we are able to see what is
the most dominant frequency and filter the unwanted frequencies accordingly. Fig. 4-9
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Figure 4-8: Virtually So tuned waves obtained by selecting a frequency (in this case,
fo = 1.25MHz)from the time-frequency plot of virtually tuned waves obtained from the
experimental laser-generated Lamb waves for 2f 0 h = 4.0 MHz-mm with tunig carried out
in the spectrotemporal-domain
I I VII M 'I ITYI IPV I I y111
I-
shows the total transformation time taken by tuning in various domains. Both forward as
well as backward transformation need to be done for all waves in the time-domain while
for frequency-domain, only forward transformation needs to be applied to all waves. The
final tuned wave is then filtered and transformed backward, saving a considerable amount
of time as transformation process is very time-consuming. For spectro-temporal domain,
more time can be saved as filtering process is removed completely. Table. 4.2 summarizes
the number of waveforms need to be transformed for each domain.
Table 4.2: Number of waves needed for each transformation process (forward and back-
ward)
Domain FT IFT Total
Time m m 2m
Frequency m + 1 2 m+3
Spectro-Temporal m 1 m + 1
Chapter 4 SPT of Broadband Signals Page 68
Chapter 4 SPT of Broadband Signals Page 69
Total Transform Time
3
1
Time-Domain (2m)
Frequency-Domain (m+3)
Spectrotemporal-Domain (rm+1)
m (Number of waveforms)
Figure 4-9: Graph comparing the computational efficiencies for tuning processes carried
out in time, frequency, and spectro-temporal domain
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Chapter 5
Optimum Tuning
5.1 Introduction
In Chapter 4, SPT technique can definitely be applied to tuning broadband signals as op-
posed to being confined to narrowband signals. Both the So and the A0 mode show the best
tuning capabilities compared to other modes. Despite this, it is still necessary to study the
tuning behavior for better understanding and finding of optimum tuning. Optimum tuning
will depend on how appropriate is the filter design as well as the number of waveforms
obtained to construct the virtually tuned wave.
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Table 5.1: Center frequency for filtering of each mode
5.2 Design of Optimum Filter
Firstly, we will look at filter design which is crucial for tuning effect. Filter's suitability
is dependent on two parameters: its center frequency and its bandwidth. Previously, the
center frequency of the filter is chosen arbitrarily (in this case, 1.25 MHz). This, however,
may not yield the most optimum filter as each mode occurs at different value of wo. From
the theoretical dispersion curves (Fig. 3-8), we can obtain a 2D-plot of intensity against
normalized frequency by selecting a specific k-value as shown in Fig. 5-1. Instead of us-
ing the same arbitrary value for the center frequency of the filter, we will use each mode's
frequency obtained from the 2D-plot for the filter's center frequency as summarized in Ta-
ble. 5.2. Fig. 5-2 shows previous tuning results for each mode using filter with an arbitrary
center frequency value of 1.25 on the left column and tuning results using optimum filter
on the right column. Comparing the results from the two columns, the tuning results for
each mode are certainly enhanced. Interestingly, for A0 mode tuning, the contribution from
So mode is eliminated. Clearly, tuning is best achieved for A 0 and So mode as they have
the highest intensities (amplitudes) from the 2D-plot.
Mode Center Frequency, f
Ao 0.391
So 0.965
A1  1.136
S 2.024
S2 3.020
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Figure 5-1: Excitation Efficiency: Selecting k to obtain each mode's frequency from theo-
retical dispersion curves. AO mode displays the highest energy followed by So mode.
Another critical parameter for filter design is its bandwidth. By varying the filter's
bandwidth, we are able to obtain different tuning results. As from before, So and AO tuned
laser-generated waves show the best tuning result; thus, we will only concentrate on these
two modes. From here, we change the bandwidth value, B, in order to see how bandwidths
effect tuning results as shown in Fig. 5-3 for So mode and Fig. 5-4 for AO mode. For So
A 0  SO
A S A2
S2
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mode tuning, if we decrease the B-value from 0.5 MHz, important signals may be filtered
off while increasing it will result in the incorporation of too many unwanted frequencies;
thus, a bandwidth value of 0.5 MHz proves to be most appropriate as all the essential fre-
quencies are contained within this bandwidth from the center frequency. For the case of A0
tuned mode, which is shown in Fig. 5-4, with bandwidth of B = 0.5 MHz, the contribu-
tion from So mode is minimized while that from A0 mode is greatly enhanced. However,
as we increase the bandwidth, the contribution from So mode is increased. Therefore, it
is important to keep the bandwidths small; in this case, we use a bandwidth value of 0.5
MHz. From here, filter design is definitely critical to achieve optimum tuning results and
there are two parameters that we can vary to obtain the optimum filter: its center frequency
and its bandwidth. The center frequency of the filter can be obtained from the theoretical
dispersion curves while the filter's bandwidth can be obtained by representing the signals
in the frequency domain to observe the frequency components of the tuned signals.
Other than the filter design, the number of waveforms obtained is another essential
parameter to achieve successful tuning using the SPT technique. In this work, we obtain a
total of 128 waveforms. By varying the number of waveforms obtained for tuning, it can
be observed from Fig. 5-5 and Fig. 5-6 that similar tuning results can be obtained by lesser
than 128 waveforms. For So mode tuning, good tuning results can be achieved with only 30
waveforms while for A0 mode, best tuning result was obtained with 100 waveforms. With
less than 100 waveforms, the signals were not well-tuned as the signals contained both A0
and So modes with similar amplitudes. On the other hand, with 100 waveforms, the A0
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mode is much more prominent compared to So mode and as we increase the number of
waveforms, So mode will increase in amplitude but still relatively lower than the AO mode.
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Figure 5-3: Comparing the effects of bandwidths in So tuned experimental waves
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Figure 5-4: Comparing the effects of bandwidths in A0 tuned experimental waves
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Chapter 6
Summary and Conclusions
In this paper, the tuning of laser-generated Lamb waves in elastic plates was studied theo-
retically and experimentally. There are several tuning methods available such as the tradi-
tional angle wedge and comb transducer tuning methods; however, instead of using these
two conventional tuning methods, we propose the use of a dynamic phase tuning concept
employing array transducers. Indeed, tuning using phased arrays allow for dynamic tuning
of a multi-mode dispersive wave without the need for repositioning or realigning the trans-
ducer, making this method more time-effective and efficient. This clearly makes phased
array tuning a more attractive solution than the traditional tuning techniques using angle
wedge or comb transducer.
There are two approaches to generate and receive phase-tuned signals: 1) the phased
array approach and 2) the synthetic tuning approach (SPT). Although these approaches
are based on the same physical principle, we choose to implement tuning using the SPT
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approach where time delays are provided numerically rather than relying on a time delay
circuit. Unfortunately, SPT is limited to tuning of narrowband signals and it is often de-
sirable to use broadband signals because the information over a wide range of frequency
can be processed without sweeping the frequency. One of the candidate sources to produce
broadband ultrasonic signals is laser. On the other hand, broadband signals do exacer-
bate the already complex guided wave signals and generally, SPT is limited to tuning of
narrowband signals. In this work, we will extend the use of SPT technique to tune broad-
band signals; if successful tuning can be achieved, laser-generated signals will find more
applications in the future.
Generally, the laser-generated signals at various spatial locations can be used to con-
struct virtually tuned waves according to the synthetic phase tuning (SPT) scheme. After
filtering, we were able to achieve successful tuning for both So and A0 modes while other
modes do not display good tuning capabilities. Essentially, tuning can be carried out in
time, frequency, and spectrotemporal domain. Time-domain tuning is very time consum-
ing and it proves to be more convenient to tune in the frequency-domain. However, tuning
in the spectro-temporal domain is most efficient as one can represent the virtually tuned
waves in a time-frequency plot, eliminating the need for filtering. By choosing a specific
value for the frequency, we are able to obtain the wave in its time-domain.
Furthermore, another objective of this thesis work is to study the optimum tuning pa-
rameters. Definitely, successful tuning depends on the filter design, which is decided by two
parameters: its chosen center frequency and its bandwidth. Instead of choosing an arbitrary
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value for the filter's center frequency, we can obtain a 2D-plot of intensity against normal-
ized frequency from the theoretical dispersion curves by cutting across the curves with a
chosen value of k. Another parameter that affects tuning capability is filter's bandwidth
and the most optimum bandwidth is found to be equal to 0.5MHz. By using optimum
filter, the tuning capabilities of all modes are clearly enhanced. Other than the filter, the
number of waveforms obtained to construct synthetically tuned wave also affect the tuning
capabilities of every mode. In this work, a total of 128 waveforms are obtained; by varying
the number of waveforms used to construct the synthetically tuned wave, the number of
waveforms required to achieve similarly successful tuning for So mode and A 0 mode is
less than 128 waveforms: 30 waveforms for So mode tuning and 100 waveforms for A0
mode tuning. Obtaining lesser number of waveforms will definitely generate even more
time-savings.
Finally, this research has shown that SPT technique can be applied successfully to
broadband signals instead of being limited to narrowband signals and definitely, laser with
all its inherent advantages will be the preferred option for any NDE applications in the
future.
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Appendix A
Wave Propagation in Elastic Plates
A.1 Equations of Motion in Acoustic Media
The theory of elasticity for a homogeneous, isotropic elastic solid may be summarized in
Cartesian tensor notation as the stress equations of motion, Hooke's law and the strain-
displacement relations:
Ocjij + pfi = piii
a= AEkk6ij + 2 peij
1
E'j= ± (Uij + Uji)
(A.1)
(A.2)
(A.3)
where o- and e are the stress and strain tensors, and u is the displacement vector. p is the
mass density and f is the body force per unit mass. A and p are the Lam6 constants. SJi is
85
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the Kronecker delta, defined as
for i = j
for i j .
(A.4)
The displacement equations of motion are obtained by substituting the strain-displacement
relations, Eq. (A.3), into Hooke's law, Eq. (A.2), and subsequently substituting the stresses
into the stress equations of motion, Eg. (A.1), as
(A + [t)ujji + pu, j j + pfi = pai, (A.5)
which are also known as Navier's equations. The equivalent vector form of this expression
is
(A + pz)VV . u + pV2 u + pf = pii . (A.6)
In the absence of body forces, the equation can be rewritten as
(A + )VV -u + ± V2u = pu . (A.7)
Using the vector identity
V 2u = VV. u - V x V x u ,)
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jij 
=
0,
(A.8)
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the equation of motion can be alternatively expressed as
(A + 2p)VV - u - tV x V x u = pu . (A.9)
The equation of motion may be further represented in a simpler form. The vector displace-
ment u can be expressed via Helmholtz decomposition as the gradient of a scalar and the
curl of the zero divergence vector
u = V Vx 7 p, V -,Q = 0 , (A.10)
where # and T are the scalar and vector potentials respectively. By substituting Eq. (A. 10)
into the Navier's equation of motion, Eq. (A.7), we obtain
(A + p)VV -(V#+ V x X)+ pV2(V#+ V X A) = P V, + V X. (A.11)
at2 _jt2
In view of the following identities
V . V = V 2 $; VVXV = 0; V V x q = 0, (A.12)
we have the following equation
V [(A + 2p)V20 _ P'2 + V X -V2 p &2] = 0, (A.13)
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which will be satisfied if each bracketed term vanishes, leading to the decomposed equa-
tions
1 a20
22 (9 t2
1 D29I
V2 , = I a2 ,
(A.14)
(A.15)
where CL and cT are the longitudinal (primary, dilatational, compression) and transverse(secondary,
distortional, shear) wave velocities, respectively
CL - + 21
p
CT = . (A.16)
It can be seen that the components 0 4', 0, of the vector potential T satisfy the equations
2X1 a29
Ca t2 2 1 a
20 Y
CT, 0t 2 ' S0t 2 (A.17)
Thus, the wave equations can be written in terms of the potentials q, 0., 0, 0, as
a2, a2 I
92 + y2
a2 O/
ax2
a2 o
aX2 +
± y2
z2
ay 2
a2 q
aZ2
+ a2 =
+ a20YaZ2
+ a2 z
aZ2
1 a2 0
CL at2
1 a 2 V~
2 (t2
1 0 2 O
CI at2
1 a27p,
2I at2
(A.18)
(A.19)
(A.20)
(A.21)
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Also, from Eq. (A.10), the displacement components ux, uY and u, can be related to the
potentials 0, 0b, Oy, 0, as
D#
ux = +Dx
uy = a
UZ = + ±
az
@z
Dy
a@z
Dx
Dx
a@y
Dz
+
ay
(A.22)
(A.23)
(A.24)
A.2 Dispersion of elastic waves
The same governing equations can be used similarly for investigating waves propagation
in plates. One main feature of Lamb waves is its dispersive nature; thus, it is important
to understand the general concept of dispersion. Dispersion can be best explained by in-
troducing the concepts of phase velocity and group velocity. These two properties play an
indispensable role in the context of wave dispersion, particularly for the analysis of wave
propagation in an elastic plate.
A.2.1 Phase velocity
Consider a typical traveling harmonic wave traveling in a medium. The longitudinal dis-
placement can be expressed as
u(x, t) = A cos[k(x - ct)J = A cos(kx - wt), 
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( A.25)
where the amplitude A is independent of the space x and time t as well as the term k(x-ct).
With an increasing value of time t, x will need to be increased as well to maintain phase
constant. The propagation velocity of this constant phase is c, which is defined as the phase
velocity1.
A.2.2 Group velocity
In contrast to the phase velocity, group velocity is associated with the propagation of a
group of wave packets. Considering two propagating harmonic waves of the same ampli-
tudes but slightly different frequences, i.e.,
ui(x, t) = A cos(kix - wit)
(A.26)
u2 (x, t) = A cos(k 2x - W2t)
The superposition of the amplitude and the phase gives
u(x, t) = 2A cos ki - k2  W1 - W2t cos (ki + k2_ W1 + W2t . (A.27)I e 2 2
'In the following we designate cp, as the phase velocity to distinguish it from the group velocity.
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By introducing the following definitions:
Ak - , - = (A.28)
2 2
k=i_ k2 wi-tw2k = ,2 (A.29)2 2
Eq. (A.27) can be rewritten as
u(x, t) = 2A cos(Akx - Awt) cos(kx - ot) , (A.30)
lower frequency higher frequency
where cos(Akx-Awt) is the lower frequency term and cos(kx-wt) is the higher frequency
term. As shown in Fig. A-1, what we obtain is a wave system with a frequency W 2
2
which is very close to the frequency of either component but with a maximum amplitude of
2A, modulated on space and time by a very slowly varying envelope of frequency 2
2
and wavenumber ki - k2
Note that in Fig. A-1, the higher frequency term, cos(kx - wt), propagates at the phase
velocity c, = w/k, while the lower frequency term cos(Akx - Awt) moves at a velocity,
defined as
C=g (A.31)Ak
This velocity is referred to as the group velocity. The modulation imposed on the carrier
results in the creation of groups traveling at the group velocity c.. In the limit the group
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Modulation envelope
(lower frequency)
Group1
Carrier wave
(higher frequency)
Figure A-1: The superposition of two harmonic waves of slightly different frequencies, w,
and w2 , forms a group. The faster oscillation occurs at the average frequency of the two(wi + w2)components 2 and the slowly varying group envelope has a frequency equal to2
half the frequency difference between the components .
2
velocity approaches
_dw
C = d. (A.32)
Up to now, the superposition of two harmonic waves are considered. However, any number
of waves with similar frequency can also be considered, in which
n
u(x, t) = A cos(kix - wit) , (A.33)
where the frequency wi and wavenumber ki differ slightly from one wave to another.
From the definitions, we can obtain the following relationship
d(kcp) dcp (A.34)
dk cp+kdk
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By virtue of the relationship, A = 27/k, an alternative form of group velocity is obtained
as
cd = C, - A . (A.35)
A.2.3 Dispersion relation
Dispersive medium is one whose phase velocity is frequency dependent (i.e., w/k not con-
stant). Thus, dispersion relation is the expression of the variation of w as a function of k.
Understanding dispersion is essential because it governs the change of shape of a pulse as
it propagates through a dispersive medium. Dispersion occurs not only in inelastic bodies
but also in elastic waveguides. Figure. ?? schematically illustrates the change of the wave
shape after some travel time t in a dispersive medium.
The comparison of the group velocity, cg, and the phase velocity, c,, gives rise to three
different conditions
" normal dispersion: cg < c, : the carrier waves appear behind the group, travel to the
front, and disappear.
" no dispersion: cg = cp .
" anomalous dispersion: cg > cp : the carrier waves appear ahead fo the group,travel
to the rearand eventually, disappear.
The dispersion realtions of these conditions are illustrated in Figure A-2
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Wa c, > c, (Anomalous dispersion)
C, = c, (No dispersion)
C9 < c, (Normal dispersion)
k
Figure A-2: Curves illustrating dispersion: (a) a straight line representing a non-dispersive
medium, Cg = cp; (b) a normal dispersion relation where c. < cp; (c) an anomalous
dispersion relation where cg > cp.
A.3 Wave Propagation in an Infinitely Long Plate
Elastic waves in an infinitely long plate have the same governing equations of motion as
those in a full space, yet with free boundary conditions. In this section, the method of
displacement potentials is reviewed to obtain the solutions.
A.3.1 Rayleigh-Lamb Dispersion Equations
Consider a plane harmonic wave propagating in a homogeneous elastic plate of thickness
2h and of infinite in-plane dimensions, as shown in Fig. A-3. Since the plate is traction
free, the boundary conditions would be written as
=zz  Uaz = 0 (A.36)
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at the top and bottom surfaces (z = ±h). In the case of plane strain in the xz plane, we
have the conditions
ay
The Helmholtz decomposition of the displacement vector as shown in Eq. (A. 10) is reduced
to the equations
a# a9Ux =(A.38)i8x az
UZ =9 + ,o (A.39)
where the subscript y has been omitted from 0 for simplicity. Since the wave motion in the
y axis is not considered, the vector potential T has a nonzero magnitude in that direction.
F A o o p
Figure A-3: Propagation of a plane harmonic Lamb waves in a plate of thickness 2h.
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Also, from Hooke's law the stress components ux, uzz and ozz can expressed in terms
of q and 4 as
82
oxx = A 2
O-zz = A 2 +
8X2
o-z= p' 28x8z
+ 82 
)
+ Z2 ) 8X
2
+ 211 B2092
+ 2  a2
j9X2 aZ2 .
The potentials # and 4 satisfy the two-dimensional wave equations for plane strain,
82 0 +2 q
9X2 + z 2
1 a20$
c2 (8t2CL
82 +2 4 1 824'
8X 2 + =z2  C2  t 2
T
To find the solutions to these equations, we assume q5 and 4' are of the form
= O(z) exp[j(kx - wt)]
' = O(z) exp[j(kx - wt)],
which represents waves standing in the z-direction and traveling in the r-direction. Substi-
tuting Eqs. (A.45) and (A.46) into Eqs. (A.43) and (A.44) respectively, and dropping the
a2,
8x8z (A.40)
(A.41)
(A.42)
(A.43)
(A.44)
(A.45)
(A.46)
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factor ej(k-t) ,we obtain the resulting solutions as
#= A, cosh(cxz) + Ba sinh(az)
V) = Ca cosh(fz) + D, sinh(!3z),
(A.47)
(A.48)
where A8 , Ba, C, D, are arbitrary constants, k is the wavenumber and
2La= k2 
__02 = k2k
CL
2= k = k2 - .k .
(A.49)
(A.50)
The constants kL and kT are the wavenumbers of longitudinal and transverse waves, given
as
kL =w kT=w - .
From Eqs. (A.47) and (A.48), we can rewrite the displacement and stress components
in terms of the potentials as
Ux = jko -
dz
d j
(A.52)
(A.53)
(A.51)
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and
zz= A (k2o + 2 + 2p ('0 + -k d) (A.54)
dz ) d 2 d
0-xz = P (2jk - k20 d_2  . (A.55)
From Eqs. (A.52) and (A.53), we can observe that the motion in the x-direction is symmet-
ric (antisymmetric) with regard to z = 0, if ux only contains hyperbolic cosines (sines);
the displacement in the z-direction is symmetric (antisymmetric) if uz only contains hy-
perbolic sines (cosines). Thus, the modes are grouped into two systems: symmetric modes
and antisymmetric modes.
1. For symmetric modes, the resulting potentials, displacements, and stresses are:
q = A, cosh(aoz) (A.56)
= D, sinh(3z) (A.57)
U= jkA, cosh(az) - OD, cosh(#z) (A.58)
uz= aA, sinh(az) + jkD, sinh(z) (A.59)
orz-= A[(-k 2 + a 2)A, cosh(az)] + 2p[a 2A, cosh(az) + jk#D, cosh(3z)]
(A.60)
O_-z = p[2jkaA, sinh(az) - (k2 + f32)D, sinh(#3z)] ; (A.61)
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2. For antisymmetric modes, the resulting potentials, displacements, and stresses are:
#= Ba sinh(az) (A.62)
0 = Ca cosh(/3z) (A.63)
x= jkBa sinh(az) - 13Ca sinh(flz) (A.64)
Uz = aBa cosh(az) + jkCa cosh(3z) (A.65)
-zz = A[(-k 2 + a 2)Ba sinh(az)] + 2p[a 2 Ba sinh(az) + jkCa sinh(Qz)] (A.66)
O-Xz = P[2jkaB, cosh(az) - (k2 + 132)Ca cosh(,Qz)] . (A.67)
The expression relating the frequency w to the wave number k, or so called frequency
equation, is now obtained from the boundary conditions, Eq. (A.36). For the symmetric
modes this yields a system of two homogeneous equations for the constants A, and D8 ,
(k2 + 32) cosh(ah)A, + 2jk3 cosh(/3h)D, = 0 (A.68)
2jka sinh(ah)A, - (k2 ± f 2) sinh(3h)D, = 0 . (A.69)
Since the systems are homogeneous, the determinant of the coefficients must vanish, which
yields the frequency equation
(k2 + 32) cosh(ah) 2jka sinh(ah)
2jk# cosh(3h) -(k 2 + 32) sinh(3h) (A.70)
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This can be simplified as
tanh(3h) 4k2 a(.1
tanh(ah) (k2 + 3 2 )2  (A.71)
which is the Rayleigh-Lamb frequency equation for symmetric modes in the plate.
Similarly, for the antisymmetric modes, the boundary conditions yield a system of two
homogeneous equations for the constants Ba and C,
(k2 + 32) sinh(ah)Ba + 2jk# sinh(#3h)Ca = 0 (A.72)
2jka cosh(ah)Ba - (k 2 + 132) cosh(/3h)Ca = 0. (A.73)
which yields the frequency equation
(k2 + 32) sinh(ah) 2jka cosh(ah)
2jkO sinh(3h) -(k 2 + 32) cosh(3h) (A.74)
This can be further simplified as
tanh(/3h) (k 2 + 3 2 )2
tanh(ah) 4k 2 aOj (A.75)
which is the Rayleigh-Lamb frequency equation for antisymmetric modes in the plate.
For the symmetric mode, the boundaries of the plate periodically dilate and contract;
these modes are, therefore, often called longitudinal. The antisymmetric modes are called
flexural because of the periodic flexing motion of the boundaries. Figure A-4 shows the
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Symmetric or dilatatonal
13
Antisymmetric or flexural
F2
Figure A-4: Field distributions for the lowest modes on an traction-free isotropic plate (k ~
0), where L stands for symmetric or longitudinal modes, and F stands for antisymmetric
or flexural modes [11].
displacement boundaries shows the displacement patterns of the three lowest symmetric
and antisymmetric modes for a small value of the wavenumber k [11].
A.3.2 Analysis of Rayleigh-Lamb frequency equations
By looking at the frequency equations, it can be observed that there do not exist simple
analytical solutions. This reflects the fact that for the Rayleigh-Lamb case, both P and SV
waves exist for any given mode owing to the mode conversion at the traction-free surfaces.
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Displacements of Lamb wave modes
The displacement for symmetric and antisymmetric modes has been shown in the above
in terms of the four constants A,, Ds, Ba and Ca. Here we can rewrite them in a further
expression.
1. Symmetric modes. From Eq. (A.69) we also obtain the amplitude ratio
Ds 2jka sinh(ah)
A, (k2 +2)sinh(#h) (A.76)
Thus the displacement can be expressed as
us = kAcosh(az) 2aOSjkAsinh(ah) k2 + '32
U' = Aa sinh(az) k2 
z sinh(ah) k2 +,32
cosh(Oz)) j(kx-wt)
sinh(0h) )
sinh(/3z)) ej(kx-wt)
sinh(#3h)f '
where A is a new constant.
2. Antisymmetric modes. From Eq. (A.73) we also obtain the amplitude ratio
Ca 2jkacosh(ah)
Ba (k2 + 32) cosh(oh)
(A.77)
(A.78)
(A.79)
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Thus the displacement can be expressed as
U" = jkB sinh(az)
= jBcosh(ah)
U = Ba (cosh(az)
z cosh(ah)
2a/3
k2 + 32
2k 2
k 2 + /2
sinh(3z)'\ ei(kx-wt)
cosh(1h))
cosh(Oz)' j(kx-wt)
cosh(/h) )
where B is a new constant.
Various regions of the Rayleigh-Lamb equation
Here we repeat the definition of a and f,
2 2 2 2 2
2 = k2 - =- - -(A.82)
CL Cp CL
2o22
=-k (A.83)
Hence a and 0 could be real or imaginary, depending on the value of the phase velocity c,
relative to CL and CT.
1. 0 < C < CT < CL. In this case, both a and 3 are real. Thus the frequency equation is
of the same form as before, which is
tanh(3h)
tanh(ah)
4k2 a3
tanh(3h) (k±2+0 2) 2
tanh(ah) 4k 2 a3
(symmetric)
(antisynmetric) .
(A.80)
(A.81)
(A.84)
(A.85)
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2. 0 < CT < c < CL. In this case, a is real and / is imaginary. Thus the frequency
equation becomes:
tan(/h)
tanh(ah)
tan(h)
tanh(ah)
40k 2
(k2 _-02)2
(k2 _ 2)2
4cek2
(symmetric)
(antisymmetric)
where Q is the conjugate of 3
2
C2= g k2 .
Tr
3. 0 < CT < CL < c. In this case, both a and 3 are imaginary. Thus the frequency
equation becomes:
tan(h) 4dfk 2
tan(ah) (k2 -32)2
tan(/h)
tan(dh)
(k2 _ 2 ) 2
4c k2
(symmetric)
(antisymmetric)
where d and 3 are the conjugates of a and 3 respectively,
= - k2
(A.86)
(A.87)
(A.88)
(A.89)
(A.90)
# = k2 . (A.91)
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Cutoff frequencies
The cutoff frequencies for various wave modes are obtained by limiting the wavenumber
k -> 0. At this limiting value, the Rayleigh-Lamb equations are reduced to:
cos(d!h) sin(ch) = 0
sin(dch) cos(ch) = 0
(symmetric)
(antisymmetric)
1. Symmetric modes:
In view of the fact that a, = Wc/CL and fc
condition for the cutoff frequencies
= Wc/CT, in this case, we have the
= CL
w~h 2 77
CT
2
(p= 1 , 3 , 5 ,...)
(q= 0,2,4,...).
(A.92)
(A.93)
cos(dah) =
sin(3,ch) =
0,
0,
dch =- 2
- yrf3ch=
(p =1, 3, 5, ... )
(q =0, 2, 4, .. .)
(A.94)
(A.95)
(A.96)
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or in terms of the frequency and thickness product
PCL
2fh= 2
qjcT
(p = 1, 3, 5,.. )
(q =0, 2, 4,. ..).
2. Antisymmetric modes:
sin(ach) = 0,
cos(/3ch) = 0,
prdh = 2 r
2
/3ch = q
2
(p = 0, 2,4,. ..)
(q = 1, 3,5,...)
Likewise, in view of the fact that dc = Wc/CL and Ic = Wc/CT, the condition for the
cutoff frequencies are
Wch 2 c
wc
CT{q~
(p=0,2,4,...)
(q=1,3,5,...)
(A. 100)
or in terms of the frequency and thickness product
PCL
2fch 2
(p = 0, 2,4 ...)
(q= 1,3,5,...).
(A.97)
(A.98)
(A.99)
(A.101)
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A.3.3 Dispersion Curves
From the Rayleigh-Lamb frequency equations, the relationship between the frequency (w)
and the wavenumber (k) of the Lamb waves, or between the phase velocity (cp) or group ve-
locity (cg) and the frequency w can be determined numerically, resulting in (commonly re-
ferred as) dispersion curves. For a given frequency, there are infinite number of wavenum-
bers that satisfy the frequency relations, but only a finite number of these wavenumbers are
purely real or imaginary, while the others are complex. The behavior of the real, imagi-
nary and complex branches of the frequency equations was discussed by Mindlin. In many
cases, only the real solutions of the frequency solutions are displayed in the dispersion
curves since they represent the propagating modes. Dispersion curves are very important
in analyzing Lamb waves.
Figure A-5 is the dispersion curves for aluminum, showing the relationship between the
phase velocity and the frequency-thickness product. The solid lines represent symmetric
modes while the dashed lines represent antisymmetric modes. The dispersion curves reflect
the aforementioned characteristics of Lamb waves: dispersion and multi-modality. For
a given mode, the phase velocity changes with the frequency-thickness product and for
a given frequency-thickness product, there exist at least two modes, i.e., they are multi-
modal. It is therefore important to take into account both the influence of dispersion and
multi-modality in analyzing Lamb waves.
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Figure A-5: Dispersion curve for Lamb waves in an aluminum plate (phase velocity), where
the longitudinal velocity is CL = 6320 m/s and transverse velocity is CT = 3130 m/s.
Shown in Fig. A-6 is the dispersion curves relating the group velocity and frequency-
thickness product. As shown in this figure, each mode has a maximum group velocity. For
example, cg,, = 3168 m/s for Ao mode and cg,, = 5438 m/s for So mode. It can also be
noted that the group velocities of the symmetric modes are larger than those of the antisym-
metric modes. In addition, the group velocities of the lowest symmetric and antisymmetric
modes (So and AO) asymptotically approach the Rayleigh wave velocity(CR). By contrast,
the group velocities of all the other modes approach the transverse wave velocity (cT). No
group velocity exceeds the longitudinal wave velocity (CL)
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Figure A-6: Dispersion curve for Lamb waves in an aluminum plate (group velocity), where
the longitudinal and transverse wave velocities are CL = 6320 m/s and cT = 3130 m/s,
respectively.
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Appendix B
MATLAB Programs
B.1 Numerical Methods for Dispersion Curves Construc-
tion
B.1.1 Bisection Method
function root = bisect(k,init,epsomega,domega,cl,ct,h);
n=100;
xl=init+0.03;
x2=init+0.001 *domega;
iter=0;
u=feval('fk,xl1,cl,ct,h);
v=feval('f,k,x2,c,ct,h);
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while(u*v>O)
x2 = x2 + domega;
v = feval('f',k,x2,cl,ct,h);
if(xI >domega)
x = xI - domega;
u=feval('f',k,xl,cl,ct,h);
end
end
x=xl;
while(abs(x2-x 1)*0.5)>epsomega
x=(xl+x2)*0.5;
w=feval('f',k,x,cl,ct,h);
if(u*w<O)
x2=x;
v=w;
else
xl=x;
u=w;
end
end
root =x;
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B.1.2 Newton-Rhapson Method
function root = newton(k,init,epsomega,cl,ct,h,domega);
iter=O;
n=1000;
omegaO=init;
u=feval('f,k,omegaO,cl,ct,h);
v=feval('fprime',k,omegaO,domega,cl,ct,h);
w=(v-u)/domega;
while (iter<=n)
u=feval('fk,omegaO,cl,ct,h);
v=feval('fprime',k,omegaO,domega,cl,ct,h);
w=(v-u)/domega;
omega 1 =omegaO-(u/w);
if(abs(u/w)<epsomega)
root=omegal;
return;
else
omegaO=omegal;
iter = iter + 1;
end
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B.1.3 Program to Calculate w and k values
Note: This is only for antisymmetrical mode 1
function [omega 1,omegas 1,kh 1,normo 1,normos 1,cp 1,cps 1,twofhl,twofhs 1]
mode 1 (k,cl,ct,h,initl ,inits l,epsomega,domega,domegas,npoints);
for 1:npoints
kin=k(i);
if kin==O
root=initl;
elseif (initl)<domega
root=feval('bisect',kin,initl,epsomega,domega,cl,ct,h);
else
root=feval('newton',kin,initl,epsomega,cl,ct,h,domega);
end
omegal(i)=root;
initI = root + (1.001*domega);
end
for i=l:npoints
kins=k(i);
if kins==O
roots=initsl;
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elseif (inits1)<domegas
roots=feval('bisects',kins,inits 1,epsomega,domegas,cl,ct,h);
else
roots=feval('newtons',kins,inits 1,epsomega,cl,ct,h,domegas);
end
omegas 1 (i)=roots;
initsI = roots + (1.001 *domegas);
end
for i=1:npoints
if i==1
khl(i)=k(i)*h;
normol(i)=omegal(i)*h/ct;
normos 1 (i)=omegas 1 (i)*h/ct;
twofhl(i)=omegal(i)*h/(pi*1000);
cp1(i)=omegal(i)/(k(i+1)*1000);
twofhsI(i) =0;
cps I(i)=omegasl (i)/(k(i+1)* 1000);
else
khl(i)=k(i)*h;
normo 1 (i)=omegal (i)*h/ct;
normos 1 (i)=omegas 1 (i)*h/ct;
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twofhl(i)=omegal(i)*h/(pi* 1000);
cp 1 (i)=omegal (i)/(k(i)* 1000);
twofhs 1 (i)=omegas 1 (i)*h/(pi* 1000);
cps 1 (i)=omegas I (i)/(k(i)* 1000);
end
end
B.2 Program to Model Wave Propagation in Elastic Plates
load kw.dat; (Loading the k and w values for a specific mode)
kin=kw(1,2: 100);
omegain=kw(2,2: 100);
b = str2num(get(bin,' String')); (Input for signal's bandwidth)
f0 = str2num(get(foirn,' String')); (Input for signal's center frequency)
omegaO=2*pi*fD; (Center frequency)
alpha = sqrt(kin.2 - omegain.2 /c1 2 ); (Alpha parameter)
beta = sqrt(kin.2 - omegain.2 /ct 2 ); (Beta parameter)
tmin = 0; (Time generation)
tmax = 40e-6;
nt = 2000;
t = tmin:(tmax-tmin)/(nt-1):tmax;
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AaO=zeros(1,length(t)); (Initialization)
This is for Antisymmetric Mode
delta = (8 * kin. * (kin.2 + beta.2 ). * sinh(alpha * h). * cosh(beta * h)) + (-8 * kin. *
alpha. * beta. * cosh(alpha * h). * sinh(beta * h)) +
(-4 * h * (kin.3 ). * beta. * sinh(alpha * h). * sinh(beta * h)) + (-4 * h * (kin.3 ). * alpha. *
cosh(alpha * h). * cosh(beta * h)) +
((h * kin. * ((kin.2 + beta.2 ). 2). * cosh(alpha * h). * cosh(beta * h))./alpha) + ((h * kin. *
((kin.2 + beta.2 ). 2 ). * sinh(alpha * h)
*sinh(beta*h)). /beta)+(- (4* (kin.3 ). *beta. *cosh(alpha* h). *sinh(beta* h)). /alpha)+
(-(4 * (kin.3 ). * alpha. * cosh(alpha * h)
* sinh(beta * h))./beta);
else
delta = (8 * kin. * (kin.2 + beta.2 ). * cosh(alpha * h). * sinh(beta * h)) + (-8 * kin. *
alpha.* beta. * sinh(alpha * h). * cosh(beta * h)) +
(-4 * h (kin.3 ). * beta. * cosh(alpha * h). * cosh(beta * h)) + (-4 * h * (kin.3 ). * alpha. *
sinh(alpha * h). * sinh(beta * h)) +
((h * kin. * ((kin.2 + beta.2 ). 2 ). * sinh(alpha * h). * sinh(beta * h))./alpha) + ((h * kin. *
((kin.2 + beta.2 ). 2 ). * cosh(alpha * h)
*cosh(beta*h)). /beta)+(- (4* (kin.3 ) .*beta. *sinh(alpha*h). *cosh(beta*h)). /alpha)+
(-(4 * (kin.3). * alpha. * sinh(alpha * h)
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. * cosh(beta * h))./beta);
end
if get(antichk,' Value') == 1
H = alpha. * (kin.2 - beta.2 ). * cosh(alpha * h). * cosh(beta * h)./delta;
else
H = alpha. * (kin.2 - beta.2 ). * sinh(alpha * h). * sinh(beta * h)./delta;
end x = str2num(get(xin,' String')); (x is the distance in mm for the wave propagation)
c = (2/(b * (sqrt(2 * pi)))) * exp(-2 * (omegain - omegao).2 /b. 2 );
W = c. exp(j * (kin * x));
for i = 1: nt
W1 = W. * exp(j * (-omegain * t(i)));
D = 1/4 * H. * WI;
AaO(i) = trapz(omegain, D) * exp(-j * pi/2);
end
plot(t* 1 e6, real(AaO));
xlabel('Time, microsecond');
ylabel('Amplitude (normalized)');
grid;
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